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1 Harmonic Proximity

When discussing chords and their relationships to one another, various conventions are used to
emphasize different properties of such relationships. The Roman numeral system is used to analyze
chords within the context of a key center, where a I chord is the tonic, and every other chord relates
to it in some way. The Roman numeral system can be seen as the chordal analog to the Movable-Do
Solfège system of note naming based on a diatonic key. Another popular way of discussing note-to-
note relationships is to describe their relationship as an interval. A typical convention is to describe
their generic interval - second, third, fourth, fifth, etc. - as well as a descriptor to talk about their
size - major, minor, diminished, augmented. This interval system is a discrete system, as opposed to
the contextual Movable-Do system. The interval system can be used in unison with the Movable-Do
system, and even highlights the fact that, for instance, the interval from Do to Mi is the same as
the interval from Fa to La and Sol to Ti: a major third. By using the interval system, we can see
that there are intervals that function differently in the context-bound system, but their inherent
properties are the same when factoring out transposition. In set theory, pitch-class intervals and
interval classes are used ubiquitously to show how composers interact with specific intervals and
the properties of those intervals.

When analyzing chords, discrete harmonic analysis systems can prove to be more useful than
Roman numeral systems in music that goes beyond even complex diatonic convention. There are
many examples of music that possess harmonic novelties in which a context-bound system like
Roman numeral analysis do not suffice for explaining why their progressions function as such.
Transformational systems express properties of voice leading through mathematical group theory,
creating a set of particular transformations that map any triad onto another triad. Most notably, the
work of Hugo Riemann inspired theorists such as Richard Cohn, David Lewin, Brian Hyer, Robert
Cook, and David Kopp to develop and contribute to the Neo-Riemannian triadic transformation
system. This system is valuable to showcase some of the peculiarities of certain progressions that
the Roman numeral system lacks, but with a reliance on solely major and minor triads, as well as a
need for the transformational set to adhere to the laws of mathematical group theory, these methods
also do not highlight the particular properties of such interesting progressions in a way that explains
why they are so novel. The following section explains how progressions and adjacent chords can
be analyzed through harmonic space, unveiling a method for observing harmonic distance. The
interaction of harmonic distance is a valuable property when analyzing harmonic progressions.
Analyzing chords through mapping them onto the circle of fifths reveals many unique properties of
harmonic progressions that are otherwise unnoticed or unclear when using alternative methods.
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Figure 1: The notes and triads of the C major diatonic set mapped onto a Circle of Fifths using
pitches (
 P), a the Circle of Fifths using major and minor triads ( 
 T).

1.1 The Circle of Fifths

When qualifying harmonic motion, it becomes evident that certain triadic relationships are more or

less closely related to one another, either by voice leading or by harmonic proximity. The concept

of harmonic proximity is derived from the measurement of distance between two or more chords

on the circle of �fths. Figure 1 shows two di�erent ways of visualizing the circle of �fths: A Pitch

Circle 
 P, where each space moving clockwise is a perfect �fth (T7) higher than the previous

space, and a Triadic Circle
 T, where major triads and their relative minor triads are mapped on

two overlapping circles. 
 T aligns with the traditional circle of �fths which is typically used to

show relative major and minor keys. In Figure 1, all of the notes in the C major diatonic scale are

mapped onto 
 P, and all of the major and minor triads are mapped onto 
 T. The most notable

observation about both of these mappings is that the diatonic major scale maps onto both
 P and


 T in such a way that every note and triad is adjacent to one another with zero outliers and zero

gaps. Moreover, the two notes of furthest distance on
 P are the fourth and seventh scale degrees

which makeup the tritone: the most unstable interval in the diatonic pitch set. The notes of the

tritone interval are the most unstable becausethey are the furthest in distance from each other

on 
 P. The set of triads in the C major diatonic set are similar to those in the BZdiatonic set

becauseC and BZare relatively close on
 T. Such organization of the diatonic set means that it

is possible to visualize and measure the harmonic proximity of triads, harmonic centers, and even

notes on these circles. In particular, measuring the proximity of notes on the circle of �fths instead
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of by a more typical approach of using semitones becomes an important factor in how the motion

of di�erent triadic members impacts harmonic proximity. It is clear that a link exists between the

salient properties of harmony and the mapping of triads and pitches on the circle of �fths.

1.2 Visualizing Harmonic Proximity

Figure 2: All of the notes and triads in the C major diatonic set mapped onto a a graph generated
by 
 P on the vertical axis.

The orientation and design of the 
 P and 
 T make it very di�cult to map a full harmonic

progression as there is no way to express temporal order on the circle. Figure 2 shows
 P oriented

vertically where the previous clockwise - or sharpward - direction is now upward, and counterclock-

wise - 
atward - is downward. This graph will henceforth be called the Harmonic Proximity Graph .

Figure 2 maps all of the pitches of the C major scale as black circles, showing the same adjacency

from 
 P. Doing so unlocks a visualization of the vertical span of the diatonic scale which takes

up 6 vertical steps on the graph. To the right of the black dots is every possible triad within the

C major diatonic set. The square is the root of the triad, the horizontal line is the �fth, and the

triangle is the third. The triangle, being the symbol for the third of the triad, also makes it easy to

decipher the di�erence between major triads with triangles pointing upward, and minor triads with

triangles pointing downward. It also becomes possible to map triads (and other chords) other than

major or minor on this graph, as seen by the b� triad. The symmetry of the diatonic diminished

triad within the shaded area of the C major diatonic span stands out as a striking visual feature

highlighted by the graph as well. The fact that its span of 6 is larger than the span of 4 in the

major and minor triads shows visually that it is a more chromatic vertical sonority than the others.
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1.2.1 Roles of Triad Members

The mapping of triads in this manner shines an additional light on the roles of each member of

the triad. On the graph, the root and the �fth of the major or minor triad will always be one

step away from one another with the �fth sharpward of the root. These members will always be in

lockstep with one another, as they are the stable members of major and minor triads. The third of

the triad is the member that is the most unstable, and therefore is what determines whether the

triad is major or minor. When mapped on the Harmonic Proximity Graph, the major third is 3

steps sharpward of the �fth, and the minor third is three steps 
atward of the root. This visual

organization of the Harmonic Proximity Graph directly aligns with the well-understood roles of

each triad member, and directly correlates to how progressions typically move through harmonic

space. When altering a chord from its diatonic quality, the third is the member that is altered.

Therefore, the third of the triad is the most common member to be outside of the diatonic span,

as it is the most easily subjected to chromatic alteration.

1.2.2 Measuring Harmonic Distance

Similar to the previously de�ned diatonic span, the Harmonic Proximity Graph (Figure 2) also

illustrates the extent to which a chord occupies the circle of �fths. Both major and minor triads

span four �fth-steps on the graph. The general harmonic distance between two triads is the distance

that their spans � move on the circle. While both major and minor triads have the same magnitude

of their spans (� = 4), this is not always the case. A more concise way of deriving the same

information is to measure the distance (�) between center points (� ) of the spans: � � . This also

provides an easy way to add more complex chords into the system. Measuring the� center point

of a chord in this fashion allows for a singular spot on the graph to describe the position of the

chord. This measurement also validates the concept of relative major and minor triads, where

(seen on Figure 2) a major triad takes up the same span as its relative minor triad, and vice versa.

Furthermore, relative major and minor triads share the same� using this measurement. The�

measurement treats the circle of �fths as a locally-Euclidean, 1-dimensional space. This becomes

helpful later on when de�ning a position for more complex chords.

1.3 Diatonic Spans and Popular Progressions

The Harmonic Proximity Graph makes it possible to �nd many salient features of chord progressions,

showing how harmonic distance in
uences the quality of such progressions. One common four-chord

progression that has seen many variations throughout the repertoire of recent popular music1 can

be expressed in Roman numerals as I - iii - vi - IV. This particular base progression is often altered

1. David Bennett, Songs that Use the 1 3 6 4 Chord Progression , 2018, https://www.youtube.com/watch?v=
mUYgS4IP TU.
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SONG, ARTIST, AND DATE PROMINENT CHORD LOOP

Someone Like You- Adele (2011) I - iii - vi - IV

She Used to Be Mine- Sara Bareilles (2015) I - V - vi - IV

I'm Not the Only One - Sam Smith (2014) I - III - vi - IV

Creep - Radiohead (1992) I - III - IV - iv

Table 1: The I-iii-vi-IV triadic progression and three variations.

using modal mixture techniques. Table 1 shows one example of an unaltered I - iii - vi - IV from

Adele's Someone Like You, and three other progressions that possess various alterations. Each

progression begins with a I chord moving to some sort of chord with a root of̂3, either major or

minor. The progressions then move to either a vi chord or a IV chord - both non-tonic stable chords,

and then to a IV, or iv chord, preparing a cadential move back to the tonic at the beginning of the

loop. By solely looking at the Roman numerals, it becomes clearhow the progressions are di�erent

- particularly by their root motion and their major or minor qualities - but the Roman numeral

system does not inherently explain the di�erences between the progressions' other properties, such

as voice leading and harmonic distance.

2 Four Variations on a Progression

Figure 3: The four variations of I-iii-vi-IV analyzed for P,L,R,S,N transformations and voice leading
proximity using the L 2 vector norm.

Figure 3 uses the system of transformations developed by Cohn, Lewin, Hyer, and Cook to
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show the di�erences between these progressions using transformation theory. The second level ac-

counts for how many semitone moves are between adjacent triads using the L2 vector norm. The

transformation system highlights the di�erence between I! iii and I ! III, where both possessL

(leading-tone) transformations, but the more distant transformation from I to III needs the addi-

tional P (parallel) transformation. The transformations also show that our \control" progression

in Someone Like Youcreates aL! LR loop, where only two separate transformations are needed

to create the entire progression.

Figure 4: The opening four measures of Adele'sSomeone Like You, showing a composedL trans-
formation.

It is easy to see that Adele'sSomeone Like Youwas conceived as a voice leading progression.

The opening piano arpeggiation moves from the I chord to the iii chord using the most concise

voice leading motion. Figure 4 shows how this particular voicing in the right hand is a true L

transformation. The motion from vi to IV is also an L transformation, but the voicing of the chord

change in Figure 4 does not follow the same parsimonious voice leading.

Figure 5 shows an altered voicing of the same progression that adheres to the Neo-Riemannian

transformations that are at play. This version contains the most parsimonious voice leading between

chords. Obviously, Adele did not decide to voice the opening in this way, which means that there

are other properties at play other than just voice leading. Analyzing this progression for voice

leading is conclusively insu�cient.

Figure 5: The progression from Adele'sSomeone Like Youwith parsimonious voice leading.

2.0.1 Progressions on the Graph

Both the Roman numeral system and the transformation system together show more about the

novelties within each progression than either system can show by itself. When these progressions
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Figure 6: The four progressions mapped onto the Harmonic Proximity Graph.

are graphed on the Harmonic Proximity Graph, these novelties become even more evident. The

most immediately striking aspect of Figure 6 is that there is a clear division between the �rst two

examples and the second two:Someone Like Youand She Used to Be Minestay completely within

the diatonic span of their key centers, whileI'm Not the Only One and Creep brie
y venture out

of the key center. Both Someone Like Youand She Used to Be Mineexemplify typical diatonic

chord progressions in popular music. Both contain some of the strongest diatonic chords in popular

music: vi, and IV, as well as a plagal-cadence �gure that seals up the looping progressions. The

progressions show two common approaches to vi: iii and V. Because these chords are relative to one

another, the � � is identical for both of these progressions. The graph's diagonal lines in parallel

connecting each adjacent triad show how the spans of each chord move in harmonic space. This is

a visual representation of � � . The horizontal bars connecting adjacent triads show the common

tones between them. Compared toShe Used to Be Mine, the progression fromSomeone Like You

possesses more common tones throughout the loop. The visual di�erence betweenSomeone Like

You and She Used to Be Mineis solely a product of the small di�erence between the iii and V

chords in each loop. The choice between the V and the iii chord subtly changes the properties of

the progression, and the graph shows exactly why these progressions di�er as a result of this choice.

2.0.2 Chromatic Alterations

Similar to the subtle di�erence between Someone Like Youand She Used to Be Mine, the only

di�erence between Someone Like Youand I'm Not the Only One is the use of a major III chord

9



Thomas Adam Billings Visualizing Harmonic Space

Figure 7: The four progressions on aVoice Leading Proximity Graph showing semitones on the
vertical axis as opposed to perfect �fths.

versus a minor iii chord. When using Roman numerals, these progressions look very similar. The

Neo-Riemannian transformation system highlights more of the di�erence between the two (L! LR

versus LP! N ) and how the progression changes due to the change in quality of the iii chord.

Graphing these progressions directly showswhy the particular chromatic alteration changes the

harmonic properties of the progression. The altered third of the III chord in I'm Not the Only One

moves the harmony 4 steps sharpward (�� = \4) instead of the \1 in Someone Like You. The

circled triangle in Figure 6 is visually very far away from the rest of the progression, and is three

steps sharpward from the diatonic span. This results in a uniquely chromatic quality within this

section of the progression, and could be a reason why this progression stands out sonically when

compared to Someone Like You.

2.1 Variants of Similar Harmonic Motion

Immediately following the � � of \4 in I'm Not the Only One is an equally 
atward fall by four

steps (Z4). This motion looks harmonically quite similar to the \4 on the graph, as both move by

four steps in opposite directions, but there is an important di�erence. The progression from F! A

is mode-preserving; a characteristic which dictates that all of the members of the former triad move

the same distance on the graph -\4 - to reach the latter triad. The following progression from A! d

is mode-reversing, where the triad members do not move equally from the former to the latter triad.

Figure 8 shows the\4 (as in the F! A) and the retrograde of the progression A! d - d! A -
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